T
&

CHEA

X

International Journal of Theoretical and Applied Science 3(2): 65-78(2011)

ISSN No. (Print) : 0975-1718
ISSN No. (Online) : 2249-3247

Some New Result in Topological Space for Non-Symmetric Rational
Expression Concerning Benach Space

B.R. Wadkar*, Ramakant Bhardwaj* and Rajesh Shrivastava**

*Department of Mathematics, Sharadchandra Pawar College of Engineering, Otur (Pune), (MH)
**Department of Mathematics, Truba Institute of Engineering and 1.T. Bhopal, (MP)

(Received 11 September, 2011, Accepted 12 October., 2011)

ABSTRACT : In the present paper some new results in topological spaces for non -symmetric relational expression

conserning banach space are established.

Above results are motivated by Kirk, Singh and Chartarjee, Sharma and Rajputh, Yadava et al.
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I. INTRODUCTION

The study of Non-Contraction mapping conserning the
existence of fixed point draws attention of various authors
in non linear analysis dealing with the study of Non -
expansive mapping and the existence of fixed points.

It is well known that the differential and integral
equations that arise in the physical problems are generally
non linear, therefore the fixed point methods specially "
Banach contraction Principle provides a powerful tool for
obtaining the solution of their equations which were very
difficult to solve by any other methods.

It is also true that some qualitative properties of the
solution of related equations are proved by functional
analysis approach. Many authers have presented valuable
results with non contraction mapping in Banach space.

I1. PRELIMINARY

Before starting main result we write some definitions.

Definition 1: (Topological space) It is a set X together
with t (a collection of subsets of X) satisfying the following
axioms

(i) The non empty set and set X are in .

(i) T is closed under arbitrary union.

(iii) t is closed under finite intersection.

The collection 7 is called a topology on X.

Example 3 (a): (R"||.|| p),Vxe R", || X|L,=max;_;" | X |

Example 1 (a): X = {1, 2, 3, 4}and collection T ={ {},
{1, 2, 3, 4} } of only the subsets of X required by axioms
form a topology, the trivial topology.

Example (b): X = {1, 2, 3, 4}and collection t
={ {},. {2}, {1, 2}, {1, 2,3},{1, 2, 3, 4} }of six subsets of X
form another topology.

Definition 2: (Banach space) A Banach space (X, ||.||)
is a normed vector space such that X is complete under the
metric induced by the norm |[.||.

Example 2 (a): The set of continuous functions on
closed interval of real line with the norm ||.|| of function f
given by

I fll=sup| f(x)|

xeX
is a Banach space, where sup denotes the supremum.

Definition 3: ( Normed linear space) let ||.|| denotes a
function from a linear space X into R that satisfies the
following axioms

(i) Vxe X, x| 0, x[E0iff x=0
(i) vxye X [ x+yllI x|+ |yl
(i) Vxe X,oce R [lox|l=| o [l x|

[IX]| is called the norm of x and (X, |..|]) is called a Normed
linear space.

Example 3 (b): (I pll. [l py <o, Vel ={x:xeR",> " |x|P< oo},||x||=(z1 | % |p)

Definition 4: A sequence {x } in a normed space is said to be a Cauchy sequence if [x — x || = 0, as mn—oo i.e
given ¢ > 0, there exist an integer N such that |x, — X || < &, for all m, n > N.for all m, n > N..
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1. MAIN RESULT
Theorem 1:
Let F be a mapping of Banach space x into itselt. If F satisfies the following conditions:
F2 =1, where | is the identity mapping

[x=Foally - Folx— Fol <= yilly - Fodl x- Foo)
[llx-Feoll +[ly - Fll + 1x- v[[]°
B[ |x= FO +ly - FO)]+ 2 [~ Fo |y~ Fool ]+ o Jx— v]]

IF-F)| <@

For every x,ye X, where0 < q, B, y, 8 <1 and 6a + 4p + 3y + 5 < 2 then, F has a fixed point, if (2y + ) < 1 then
F has a unique fixed point.

Proof:

Suppose x is a fixed point of X, taking

y=%(F+I)x, z=F(y) and u=2y-z

We have ||Z—X||=HF(Y)—FZ(X)“=||F(Y)—FF(X)||

_ | = FOIIF - FECollly- FE 0l +ly - FRIF R - Flly - F o)l
[ly-FO+|F00-FF (] y-F ] T2

+BLIy=FO+IF 6= FFEJ+v[ly - FFOII+F (9 - F ] ]+ 8 [ly - F (9] ]

_ | y=FOMF - dly -y FUlIF 9 - Fllly - F ()]
[ly-FO+|Foa-xly-F ool 2
By~ FO+[F O~ x|+ [y =] +[F (- F ]+ 8] y—F O]

ly=FOIIF -4 IF00-x+ S IFI x| IF 00 -Aly-F ]
a

2
ly-Fl+lx-l]

+BLIY=FOI+IFO =X ] v[ly=4+IFCO-y+y=F ]+ [y -F 0ol

ly=FOIIF -4 IF00-x+ S IFI x| IF 00 -Aly-F ]

2
LIFm-A]

<a

+BLIy=FON+IFCO=x]+vly =Xl +[F -y +[y- F(V)II]%S[IIV- FOo]
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ly=FOIF 9~ IF 09 -H+ SIF X IF 09 -Aly-F )]
2
| LFoo-A]

Iy FON+JF 0= T+ 1| 510X+ 2IF G-+ y - F [+ 38T Ix-F o]

<a

= a2y~ F)+ly-FO)T+BLly-F O +IF -4+ 1TIF =X+l - Fl ]+ 55 Ix- F ool
=[3a+B+v][y- F(y)||+{ﬁ+y+%8}||F(x)—x||

Thedore X< [3usperlly-FOI+ per+ 30 IF00-X

Also Ju=xl=l2y-z-x =[FC)-F)

_ | Ix=FOly=Fllx-F ol +[x= ylly-F ol x- F)]
[lIx-FOoll+ly - Fll+[lx-y[T>

+Bx=F el +ly=F W]+ v[Ix=F M+ ly-F o]+ [x -]

e F Ol = F 0l Ix= F 09I+ b F ol pe Fal F 0]

[IFeo-FlIT?

<a

9[x=F oo+ y-F 1| FheF 9]+ = o [+ Sallx-F ]

e F Ol = F 00l Ix= F 09I+ b F o0l pe Fale- F 0]
1 2
| Sik-Foal |

+B[Ix-F Oy~ F I+ o[lx- FOI] + 5 I~ F 0ol ]

<a

=[2a+B]|y- F(y)||+{a+ﬁ+y+%8}||x— F)|
Now

2= ul <]z=x+x-u]
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:[3a+ﬁ+y]||y—F(y)||+{ﬁ+y+%8}||l:(x)—x||+[2a+ﬁ]||y—F(y)||+{a+ﬁ+y+%8}||x—F(x)||
=[50+ 2B+7y]|y—F(y)|+[a+2B+2y+3][x—F(X)|

Also lz=ul=IF () -2y+2|=2[F(y)-

2|F(y) -y <[50+2B+7][ly— F(y)|+ [ +28+2y+8]|x— F(x)|

5 1 1 1
. URE Ea+ﬁ+zy}"y—F(y)||+{§a+ﬁ+y+§8}||x—F(x)||
2 2
- ly=tol<| == [Ix-Fl
l-——a-B-=
L 2 2
E+[3+y+§
= ly-f(y)<a|x-F(x)| where q=%<l
Y
1-2g-p-t
2 2
Since 6a+4B+3y+6<2
On taking G=%(F+I)for every xe X

1
HGZWG(X)“=||G(y>—y||=H§<F +|)y—y‘H —~ly-F W) <alx-F|

By definition of q we claim that {G"(X)} is a cauchy sequence in X. Therefore by the property of compactness.
{G"(x)} converges to some element y, in X.

lim G"(x) = 7,
n—oo

= Gxo) = %o
= F(io) = %o
i.e X, 1S afixed point of F.

For uniqueness if possible let v, (= X,) be another fixed point of F then

Ixo- o] =[F(x0) - F(yo)|

[xo— F(x0)||||yo— F (yo)||||xo - F (yo)| + || xo— yo || yo — F (x0) || xo - F (x0)|
[[lxo— F ()| +[|yo— F (yo|+]]x0- yo[]]

<a

+B[[x0— F (x0)]| + [ yo—F (yo)[[ ]+ ¥ [[[xo = F (yo)] +] yo— F (x)| ]+ 8 [[[xo— ol ]

=B[llyo-F(yo)|]+v[[[xo~ F (yo)| +[lyo— F (xo)|[] + 8[| xo— yo ]
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- 1[I~ F ()] +yo-F 0[]+ o~ yo]

= v[[x0=ya|+lyo—xofJ+ 8[[xo- yol ] = (27 + 8) [xo - yo ]
Since (2y + §) < 1, therefore |x, = y,|| = 0
= XO = yO
This completes the proof.
Now we prove the following theorem which generalize the theorem 1.
Let K be closed and convex subset of a Banach space X. Let F: K —» K, G : K —» K satisfy the conditions :
F and G commutes - (@
F2 =1 and G? = |, where | is denotes the identity mapping. .. (2

|G- FM[G(y) -FWIcH)-F)|

+|G(9) - G(Y)|[G(y) - F()||[G(¥) - F(¥)|
[le() - F o +[16(y) - F || +[le ) - ([]?

[F)-F(y)<a

+BIG) ~FO|+[e(y) - FM]+ I - F W +[G(y) - F[]+8[[6(0-GWI] ... (3)

For every x,y € X,0<a,B,6,ywith 6o + 48 + 3y + & < 2 then there exit atleast one fixed point x eX such that F(x,)) =
G(x,) = X,» Further if (2y + ) < 1 then x is the unique fixed point of F and G.

Pr oof:
From (1) and (2) it follows that (FG)? = | and (2) and (3) implies

| [ec?(0-Fe?(v|ec?(n - Fe2(y)||ec? (0 - Fe*(y)|
+“GG2(X) —GGz(y)“HGGZ(y) - FGZ(X)“”GGZ(X) - FGZ(X)“

|[FGG(x) - FGG(y)| = [F&?(x - FG? ()] = o

66?0~ Fe?(+|ec? () - Fel(y) +|ee 0 - Gcsz(y)w2

+[ 667 (0 - F&? (4] +|66% () - Fe?(v)] |+ || 662 (0 - FG2(y)] + [66% () - FG* (] | + 8662 (0 -GG 2 ()|

IG(x) - FGG(X)|||G(y) - FG.G(Y)||G(X) - FG.G()|
:a +|G(x) - G(¥)||[G(y) - FGG(X)|||G(x) - FG.G(X)|
H\G(x) ~FG.G(X)| +|G(y) - FG.G(y)| +]|G(x) - G(Y)|

f

+B[|G(0) - FG.G(X)|+[G(y) - FGG(Y)|| ]+ v [|G(¥) - FG.G(y)| +[G(y) - FG.G(X)| ]+ 8|G(x) - G(Y)|
Now we put G(x) = z and G(y) = w then we get
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|z- FG(2)|||w- FG(W)|||z— FG(W)

IFG(2) - FG(w)| < +[z-w|w- FG(2)|z- FG(2)|
[|z— FG(2)||+||w— FG(w)| +||Z_W||]2

+B[lz- FG(@)| + [w-Few)| ]+ v[|z- Few)|+ |w-FG(@) ]+ 3]z w|

We have (FG)? = | and so by theorem 1, FG has atleast one fixed point say x, in K.

ie. F(x) = X, - (4)
and so F(FG)x, = F(x)

G(x,) = F(x,) .. (5
Now

|Fx0)~x0] = |F 6x0) - F2(x0) = [F (x0) - FF (x0)]

|G(x0) - F (x0)|[|GF (x0) — FF (x0)[|G(x0) - FF (x0)|
+[G(x0) - GF (x)|||GF (x0) - F (x0)||G(x0) - F (x0)|
[ |G(x0) - F (x0)| +|[GF (x0) - FF (x0)| +|G(x0) - GF (xo)||]2

+B[G(x0) ~ F (x0)] +[[GF (x0) - FF (x)[[] + [ |G(x0) - FF (x0)]| + |GF (x0) - F (x0)[ ]
+3G(x0) — GF (x0)|

- |G(x0) - F(x0)||x0- x| G( x0)— xq
+[G(x0) - xa[xo- FOxo)|G( x0) — F(x0))
[”G( x0)— F(x0)||+||x0- xol| +||&( xo)—x0||]2

+B[[G(x0) — F (xo)]| +[[x0— xa| |+ 7 [ |G(x0) — x0| + |x0— F (x0)| ] + & |G (x0) — x|

- [F(x0)-F(x0)||xo—xal[F(x0)—xq
+|F(x0) - xollxo- F(xo)[|F(x0) - F(x0)]
[”F(xo)— F(x0)||+]|x0— xo||+||F(x0)- x0||]2

+B||F (x0) - F(x0)| +xo— xd| ] + 7 [ | F (x0) - x0| + xo— F (x0)]| ] + 8 |F (x0) — x|

= (2y +)||F (x0) — xq|
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Since (2y + 5) < 1it follows that F(x)) = X,
i.e X, is fixed point of F, but F(x) = G(x,) therefore we have G(x) = X,
i.e X, is common fixed point of F and G
Now we shall prove that X, is unique common fixed point of F and G If possible, let y, be another fixed point of F

and G.

Now from (1), (2), (3), (4) and (5), we have

Ixo-yo =F 2 x0)- F A o) = [FF (x0 - FF(yp)|

|F (x0) - FF (xo)[GF (o) - FF (yo)|6F (x0) - FF (v
+[GF (x0) - GF (y)||GF (vo) - FF (x0)|| GF (x0) - FF (x0)]

[Il6F (x0)~ FE o) + |67 (vg) - FF (v +]|6F (x0)~ FF (v |

+B[|[GF (x) - FF (x0)| + |GF (o) - FF (y)| | + ¥[|GF (x0) - FF (y)| + |GF (vo) - FF (x0)] | + 8 |GF (x0) - GF ()|

o "Xo - Xon“ Yo~ yo”“ Xo™ yo“ + HXO - yo”“ Yoo XO”HXO - X0||
2
o= %o)4] Yo~ Yol * e il
b ["XO_ XO” " “ Yo~ yom " Y[HXO_ yO“ +H Yo~ XO‘H " 5[“)(0_ yO‘H

Therefore [Ix, — Y|l < (2y + 8)IIx, — Y,lI

<

=(2y+ 5)||xo— y0||

Since (2y + 9) < 1, it follows that x, = y,, proving the uniqueness of x,. The proof of the theorem 2 is completed.
Now we prove the following theorem which generalize theorem 1 and 2.
Theorem 3:
Let F, G and H be three mapping of Banach space X into itsalf such that:
FG = GF, GH = HG and FH — HF )
F2=1,G=I,H>=1 -2
where | is the identity mapping.

|GH (%) - F(®)[|IGH (y) — F(W)]|GH (x) - F ()|
+[|GH (x) - GH ()[[[|GH (y) - F(0)[||GH (x) - F (X))
[IGH () - E (|| +]|GH () - F ()] +[]6H (9 - GH ()]

[FCO-F(y)|<a

=B[|GH (x) = F(X)||+| GH (y) — F(y) | ]+ v[|GH (x) - F (y)]|+| GH(y) - F(X) | ]+ 3[|GH (x) - GH ()| ] .. (3)

For every x,ye X and 0<a,p,y,0 <1lsuch that 6a+4B+3y+0d <2then, F, G and H have atleast one fixed point.

Further if (2y+3) <1, then x; is the unique fixed point of F, G and H.

Pr oof:
From (1) and (2) it follows that (FGH)? = |, where | is identity mapping.
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From (2) and (3) we have

I H(GH 12G(x) - FGHG(X)HH(GH)zG(y) _ FGHG(y) H(GH 126(x) FGHG(y)H

[FGH 6 —FGH 6] < +er 600 - (6 Za )| 6H)e () - Fera(|H)%e(d - Fera (o)
. )| <4

[H(GH 126(x) - FGHG(X)H +H(GH )2G(y) - FGHG(y) +H(GH )2G(x) — (GH )ZG(y)‘HZ

+BH‘(GH 126(x) - FGHG(X)H +H(GH 12G(y) - FGHG(y)‘H + y[H(GH )26 (x) - FGHG(y)H +H(GH)ZG(y) - FGHG(X)‘H
5 [H(GH 126(x) - (GH )2G(y)m
|G(x) - FGHG(X)[[|G(y) - FGHG(y)|||G(X) - FGHG(y)|

+|G(x) - G(y)|||G(y) - FGHG(X)[|G(X) - FGHG(X)|
[G(3) — FGHG()] + () - FGHG()] + |6 (x) - G| ]

[FGH G(x) - FGH .G(y)| < a

+B[|G(X) - FGHG(x)| +[G(y) - FGHG(y)| ]+ v[|G(x) - FGHG(y)| +|G(y) - FGHG(x)| ] + 8] |G(x) - G(y)|]
If we put G(x) = z and G(y) = w, we get

|z- FGH (2)|||w- FGH (w)]||z— FGH (W)

+]z—w||w-FGH (2)|||z- FGH (2)|

(2~ FGH @) + [w- FGH (] +]2- w]]?

[FGH.(2) - FGH.(wW)| <

+B[[|2) - FGH (2))]| + [w— FGH (W)|| ]+ y[ ||z— FGH (W)| + [w— FGH (2)| ] + 8[| z— ]

If we put FGH = N, we get

~N@|w-Nwz- Nw + |z w]|w-N(2)]]2- N

INGD) - N <o 2 :
[Iz= N@]+[w—Nw)+]z—w]]

+BLlz=N@ +[w- N ]+ [ 2= N +[w=N(2)| ]+ 5[ | 2w ]

Let W=%(N+I)z

Nw) =sandt=2w-s - (4
Now by (4) we have

Is—2| =[NwW)-2| = ||N(W) -N 2(z)|| =||N(w) - NN(2)|
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_ | [w=N@[ING) - NN - NN @]+ - N@[ING) - N - New]
[llw- N +[IN@ - NN @]+ [w- NG|

+BLIwW—NW)|+[N(@) - NN@)[]+ v [[w- NN@)|+[N(2) - N(w)| ]+ 8 Jw—N(2)] ]

_ | W= NG| ING) - ZJw- 2] + jw- NN @) - Nw)[w— N )
[[w- N +[|N( - 2] + [w- NG|

+BLIw=NW+[N@~Z]+7[[w=2+|N@ - W+ +[w-Nw)| ]+ 5[ [w- N2 ]

w-N@[NG -2 (N+1)z-2)

+ %(N+I)Z—N(z) N(z)—N(%(N+I)z) [w—N(w)|

[N+ [w-]°

+

N(z)—%(N+I)z

WB[[w- N(w)||+||N(z)_z||]+yHE(N . )z—z‘ olw- N(W)H

|

w-N@ING -2 IN@ - 2] + S N@ - 2] NG - 2] [w-N(w)]

[lINew) -2

+8{ %(N+I)Z—N(z)

o Iw- NN - 4]+ 1| SN~ 2+ NG - 2]+ Nw|

1
+8[E||N(z) - z)ﬂ

w-N@ING -2 IN@ - 2] + S N@ - 2] S NG - 2] [w- N
¢ 2

39w N+ ING) -]+ ING) -2+ - NG +3] G- 2

|:HN(;(N+I)Z—Z

73
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w-N@ING -2 [N@ - 2] + 2 [N@ - 2] 2 NG - 2] [w- Nw)]
o
2
1
SINa-2 |

B =N+ ING - 2T 1[N -2+ - Neo]+5] 2N -2

< af 2w N W)+ w—NW)[]+B[[w-NwW)+[N(2) -2 ]+ v[[N(2) - 2| + |w-N(w)]] +5%||N(Z) -7

S(3a+[3+y)||w—N(W)||+([3+y+g)||N(z)—z||

Therefore,

ls—2] < Bo+p+7)|w- N(W)||+([3+y+g)||N(z)—z||

Now ¢4 <[2w-s-7 =H2(%(N )z-s- z”:||N(z)+ 2-5-2| =[N - = [N@) - N

_ | [z~ N@w- N@z- N+ |z- wl|w- Nz~ Ne2)]
[llz-N@| +[w- N[ +]|z-wi|]?

+Bllz=N@ +[w- N+ 7[z= NW)+ [w= N ]+ 3]} 2w

2= N@lw-N(w]

z—N(%(N+I)z)

+

lz=NG@)|

z—(%(N+I)z

(%(N+I)2—N(z)

[IN@) - Nw)[]?

+

9z NG New[ ]+

z—N(%(N+I)z

%(N+I)Z—N(z)

&

1
z——(N+1)z
2( )




Wadkar, Bhardwaj and Shrivastava 75

2= N@llw- Nl [z-N@+ [z~ NIz~ Nz~ N

2
1
ot

8Jz= N+ N T | Sl NG Slz-NG2) |53z~ Nea)

<a

~a[2]w- N+ |2~ N@|]+ B [w- N+ |2~ N@|] + ]z~ N@|+ 5|2 N2

~ 0+ B)|w- N(W)||+(a+[3+y+%6) lz- N@)| NG
Now ls—t]<[s—2+|z—
Therefore from (5) and (6) we write

ls—t] < B+ B+ 7)[w— N + (B+y+g) INGD -7

(20 +B)|w- N(W)||+(a+[3+y+%8)||z— NG| e

< (50 + 2B+ 7) [w— N(W)| + (o + 2B+ 2y + 8) | z— N(2)|

Also, [[s-t] = IN(W) — (2w—s)| = [N (W) - 2w+ N(w)| = 2|[N (W) — |
Putting all these values in in equality (7) we get,

2||N(w) —w| < 5o+ 2B+ 7)[w— N(W)| + (o0 + 2B+ 2y +8) | z— N(2)|

- ||N(W)—W||£(ga+[3+%)||w—N(W)||+(%a+[3+y+%8)||z—N(Z)||
= IN(wW) - <afz-N(2)|
where,

1 1
—a+B+y+=93
LAY

g=t——=5-<1
S Y
1- " -B-"
%P5
Since S5a.+43+3y+06<2
. 1
On taking G:E(NH) then for any zeX

Hez(z) —G(z)“ =|Gw) -w| = H%(N +1 )w—wﬂ = %”N(w) —w| < g"z— N(2)|

By definition of q we claim that {G"(X)} is a Cauchy sequence in X. By compactness, {G"(x)} converges to some
element x, in X.
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ie lim G" (%)) =%

=>> G(xo) =X,
Hence N(x,) = X,
or FGH(x,) = , because N = FGH .. (8
And so GH(FGH)(x) = GH(X)
or F(x,) = GH(x,) (9
Also H(FGH)(x,) = (x,)

FG(x,) = H(x) .. (10)

Now using (1), (2), (3) and (8), (9) and (10) we have

[H (x0) = x0f = [FG(x0) - F 2(x0)| = [FG(x0) ~ F (F (x0)|

”GHG(XO) - FG(XO)""GHF (Xo) -FF (Xo)”"GHG(Xo) -FF (Xo)"
+||GHG(X0) —-GHF (Xo)""GHF (Xo) - FG(XO)""GHG(XO) - FG(XO)"

[[IGHG (x0) ~ FG(x0)]| +|GHF (x0) ~ FF (x0)]| + | GHG (x0) ~ GHF (xo)[[]*

+BLICHG (xo) ~ FG (xo)| + [GHF (xo) ~ FF (xo)] ] + ¥ [|GHG (x0) ~ FF (xo)]|+ GHF (x0) - FG(xo)]
+5[[ JGHG(x0) - GHF (xo)[]|

[IH (x0) = H (x0)[[| xo = x| H (x0) = xq
+||H (x0) — X0||||X0— H (Xo)"" H(xo)-H (Xo)”

[11H (x0)~ H (x| +1x0 - xdl| +]IH (x0) - xo][ ]

+B[[H (x0) = H (xo)]| + o= xoll ]+ ¥ []|H (x0) = xa] + [ xo— H (xo)[| ]+ 8] H (x0) = ]

= (2y+38)||H(x0) - xo
Hence IH (x) = xq| < (2 +8) |H (x0)— o
Since (2y+8) <1, it follows that H(x) = x; i.e. X, is the fixed point of H.

Thus we have from (9), G(x) = F(x,)

Again |F(x0) - xl = | F (x0) - F 20| = |F (x0) - FF (xo)|

|GH (x0) - F (x0)[|GHF (x@) - FF (x0)||GH (x0) - FF (x0)|
+[[GH (x0) - GHF (x0)||[GHF (x0) - F (x 0)]|[GH (x0) - F (x0)|

1<a 2
[IIGH (x0) — F(x0)|| +||GH (x0) - FF (x0)|| +||GH (xo)—GHF(xo)H]

+B[[IGH (x0) ~ F (x0)|| +[|GHF (x0) ~ FF (x0)[| ] + [ ]IGH (x0) ~ FF (x0)|| +||GHF (x0) - F (x0) ]
+3[ ||GH (x0) — GHF (x)||]
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|F(x0) - F(x0)|[x0~xol[[F (xo) - xa
+[F(x0) - xdllxo- Fxo)[F (x0) - F(x0)]

2
[IF (x0) - Fxo)]| +[|x0-xol| +[|F (xo) - xdl]

+B[||F (x0) = F (x| +||x0=xoll ]+ Y[ |F (x® = xdl| +|Ixo— F (x0)|| ]+ 3 |F (x0) — xal[]
= (2y+8)|F(x0) - xd|

IF (x0) - x0| < (2 +8)||F (x0) - x0

which is contradiction, since (2y + 3) < 1. Hence it follows that:

F(x,) =X,
But F(x,) = G(x,)
Therefore F(x,) = G(x) = X,

i.e X, is the common fixed point of F, G and H. Now to conform the uniqueness of x, let y, be another common
fixed point of F, G and H using (1), (2), (3) and (8), (9), (10) we get,

Ixo— Yol =[|F %x0) = F2(yo)]| = | FF (xo) - FF (yo)]| =[|F (F (xo)) - F(F (y)]

|IGHF (x0) - FF (xo)[||GHF (yo) — FF (yo)|[GHF (x0) — FF ()|
+|GHF (x0) - GHF (y)[[|GHF (y) — FF (xo)||[GHF (x0) - FF (o)

2
[IGHF (x0)~ FF (xol| | GHF () ~ FF (v +|GHF (x0) - GHF (3, ]

+B[ |IGHF (x0) — FF (xo)]| +[GHF (yo) = FF (v ] + ¥[ JGHF (x0) — FF (o) + |GHF (yo) - FF (xd)] |
+5[||GHF(X0) -GHF(y0)||]

Ix0~ XO"" Yo~ y0||||X0‘ y0||

<a +||X0 - yo"" Yo~ Xo""Xo ~ o

2
[||X0‘X0||+||y0‘ y0||+||X0‘ VOH]

+p ["XO‘ xall+ Yo~ YOM + Y["XO =y +]yo- X0|H + 5["X0 - VOM =(2r+ 5)[”X0‘ yOM

Therefore Ixo= Yol < (27 +8)|x0 = Yo

which is contradiction, since (2y + ) < 1.
Hence it follows that x, = y,, proving the uniqueness of x,.
This completes the proof of the theorem 3.
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